This paper considers the problem of the market with restricted information. By constructing a restricted information market model, the explicit relation of arbitrage and the minimal martingale measure between two different information markets are discussed. Also a link among all equivalent martingale measures under restricted information market is given .
Introduction
The formula of Black and Scholes for the valuation of options has led to the great development of mathematical finance. Mathematical finance is attracting more and more attention of researchers. Some useful work has been done, but the majority of discussions are based on perfect markets. A perfect market includes the following conditions: (1) many buyers; (2) many sellers; (3) individual trades do not affect the market; (4) the units of goods sold by different sellers are the same; (5) there is perfect information, that is, all buyers and sellers have complete information on the price being asked and offered in other parts of the market; (6) there is perfect freedom of entry to and exit from the market. Real financial markets are imperfect markets. In fact there are some investors different to general investors in the financial market. Because of their conditions, for example, they live in the country, the investors cannot know all market information such as some invest policies, construction plans, and so on, which are known by general investors. They might only know price information of risky assets. These make the investor's information incomplete. It is well known that hedging market risk and capturing arbitrage opportunity are closed to market information. So it conforms to financial application to discuss financial markets under different information. There are several recent papers dealing with restricted information in finance. Schweizer [15] presents risk-minimizing hedging 2 Martingale measures in the market with restricted information strategies of contingent claims under restricted information, Pham [12] researches the problem of mean-variance hedging for partially observed drift processes, and Frey and Runggaldier [5] focus on the computation of the optimal hedging strategies when asset price processes are observed at discrete random times. The utility maximization problem when only stock prices are observed was studied by Lakner [9] . Initiated by Cox and Ross [1] and Harrison and Kreps [8] , the "martingale method" of pricing derivative is one of two approaches to the pricing of derivative securities. This approach consists of writing the value of the security as the expected value of the discounted payoff under a martingale measure. If the market is incomplete, then there are many equivalent martingale measures. It may be reasonable to suppose that there should be a special martingale measure which determines the prices of contingent claims. As the candidates of such measures, several martingale measures are proposed: minimal martingale measure (Föllmer and Schweizer [4] ), variance-optimal martingale measure (Schweizer [17] or Delbaen and Schachermayer [3] ), canonical martingale measure (Miyahara [10] ), and so forth. The examples which are given by Schachermayer [14] are useful for the understanding and the investigation of the relations among the measures above. The importance of minimal martingale measure is described in Miyahara [10] , and so forth. Recently, it is mentioned that minimal martingale measure is related to the exponential utility function and to the fair prices of options (see Davis [2] and Frittelli [6] ). Different from those above, the paper focuses on the relation of market completeness, arbitrage, and minimal martingale measure between markets with different information, which is important to hedging contingent claims. To our knowledge, the relation has not been discussed. In the paper, the explicit relation of arbitrage and the minimal martingale measure between two different information markets are discussed by constructing restricted information markets. Also the relation of equivalent martingale measures is given under restricted information markets.
Market with restricted information
Assume that (Ω,F,Ᏺ,P) is a probability space with filtration. The filtration Ᏺ = (Ᏺ t ) 0≤t≤T satisfies the following assumptions: (1) Ᏺ is right continuous, that is, Ᏺ t = s>t Ᏺ s ; (2) Ᏺ 0 contains all P-null sets in F. On (Ω,F,Ᏺ,P), define a financial market as follows: assume that S is a local bounded d-dimensional semimartingale. With S we denote the movement of d risky assets. Also assume that there is a riskless asset denoted by B. For simplicity we assume B ≡ 1 (i.e., S is the discounted asset price). Assume that market participants's investment behaviors are based on their valid market information. We denote by Ᏺ t the valid market information that general investors know up to t. Assume in the above market, besides general information investors, that there are another investors who know less market information than general investors. We call them restricted information investors or incomplete information investors. More explicitly, we assume that the restricted information investors only acquire market information denoted by minor σ-filtration Ᏻ rather than Ᏺ, where 0≤t≤T denotes the σ-filtration generated by asset price processes S. The market for restricted information investors, that is, the market with information set Ᏻ, is called restricted information market.
Remark 2.1. Obviously, the assumption for Ᏻ is reasonable. On the one hand, there are some investors who cannot achieve all the market information Ᏺ actually and only know the restricted information Ᏻ t ⊂ Ᏺ t . On the other hand, if the investor did not know the past price information, he would not throw his money. So the assumption Ᏺ S t ⊂ Ᏻ t is also reasonable.
Main results and proofs
It is well known that market information set is an element of finance markets. Finance markets vary with the market information set Ᏺ. Obviously, the problem that market information has what influence on the market completeness and arbitrage is worth studying. In this section we will discuss it.
For H ∈ {Ᏺ, Ᏻ}, we recall from Grorud and Pontier [7] and Pham [12] some definitions and notations. Definition 3.1. A probability measure Q is called H-equivalent martingale (local martingale) measure for S, if S is an (H,Q) martingale (local martingale), and dQ/dP ∈ L 2 (P,H T ).
Define
to be the equivalent martingale and the local martingale measure sets for S, respectively.
then the market is complete for general information investors.
Also, we can define market completeness for the restricted information market.
then the market is complete for restricted information investors.
Martingale measures in the market with restricted information
Remark 3.4. By the capital asset pricing basic theorem, we know that (1) if H 0 is trivial and M 2 loc (P,H) is singleton, the associated market is complete; (2) if M 2 loc (P,H) is nonempty, there is no arbitrage in the associated market; the converse result is false. But that M 2 loc (P,H) is nonempty is equivalent to a weaker property: the "no free lunch with vanish risk" (NFLVR in short).
The theorem below gives the relation of arbitrage between the markets with different information.
is a strictly positive square integrable martingale on (P,Ᏺ).
Let
So ζ = (ζ t ) 0≤t≤T is (P,Ᏻ) martingale. Thus we can define a probability measure Q as follows:
Next, we prove Q ∈ M 2 e (P,Ᏻ). By definition we only prove three points as follows.
(1) Q ∼ P. Since Q ∼ P, from the definition of Q, Q ∼ P holds obviously.
then S is (Q,H) martingale if and only if SN is (P,H) martingale. Thus
So Sζ is a martingale, and S is a ( Q,Ᏻ) martingale. (P,H) , the nonarbitrage market for general information investor is also nonarbitrage for restricted information investor. That is a result in accordance with the market fact that the investors with more information can easy gain more arbitrage opportunities than those with less information. The converse result is false certainly.
For further discussion, we recall from Schweizer [16] the definition of minimal martingale measure.
Let price process S be a P semimartingale with canonical decomposition S t = S 0 + M t + A t , M is a local martingale and A is a predictable finite variation process.
Definition 3.7. Suppose that S satisfies the structure condition (SC):
e (P,H). Remark 3.8. If H-minimal martingale measure for S exists, then it is unique.
For discussing the relation of minimal martingale measure between markets with different information, we introduce a property which is an equivalent definition of minimal martingale measure in essence. (see Pham [11] for detail) Lemma 3.9. An equivalent martingale P is a minimal martingale measure for S if and only if any square integrable martingale under P and orthogonal to M remains a martingale under P. Theorem 3.10. If every Ᏻ martingale is also an Ᏺ martingale, P Ᏺ is an Ᏺ-minimal martingale measure, Z is P Ᏺ 's density process with respect to P, then P Ᏻ defined by (3.5) is also a Ᏻ-minimal martingale measure.
Proof. Let S = S 0 + M + A, K be a square integrable (P,Ᏻ) martingale orthogonal to M. Thus K is also a square integrable (P,Ᏺ) martingale. Using Lemma 3.9, we only prove that K is a ( P Ᏻ ,Ᏻ) martingale.
By the property of conditional expectation and the definition of martingale, for all t > s,
So Kζ is P-martingale, By Protter [13, Lemma, page 109], K is ( P Ᏻ ,Ᏻ) martingale. Theorem 3.10 follows immediately from Lemma 3.9.
Obviously, from the definitions of completeness, we know that under the condition Ᏺ T = Ᏻ T , if restricted information market is complete, then general information market 6 Martingale measures in the market with restricted information is also complete. Generally speaking, there is not close relation of completeness between markets with different information. But there is really a link among all the equivalent martingale in M 2 loc (P,Ᏻ). Theorem 3.11. In case of a complete market for the restricted information investor (i.e., verifying (C 2 )) such that there exists Q ∈ M 2 loc (P,Ᏻ) for which the discounted prices S are
, thus Z is orthogonal to price processes S. Since the market is complete for the restricted information investor, there exist a Ᏻ 0 -random variable a and
0 ϕ i dS i is strongly orthogonal to the stable space generalized by prices, then it is orthogonal to itself; therefore Z t − Z 0 = 0 and Z T is an Ᏺ S 0 -measurable random variable.
Remark 3.12. By martingale pricing method, the price of a contingent claim is its expected payoff under a special equivalent martingale measure. Because there are many equivalent martingale measures in an incomplete market, there are many nonarbitrage price for a contingent claim. Under an explicit market, we can deduce the link among many arbitrage-less prices using Theorem 3.11.
Conclusion
The paper discusses an imperfect market with restricted information. Based on constructing restricted markets and martingale theory, we strictly prove the result that nonarbitrage market for general information investors is also nonarbitrage for restricted information investors. Also the explicit relation of minimal martingale measure between two different information markets is given. Finally, a link among all equivalent martingale measures in the class of restricted local martingale measures, which is important in pricing contingent claims, is derived.
